The quantum Hall conductivity in the presence of constant magnetic field may be represented as the topological TKNN invariant. Recently the generalization of this expression has been proposed for the nonuniform magnetic field. The quantum Hall conductivity is represented as the topological invariant in phase space in terms of the Wigner transformed two -point Green function. This representation has been derived when the inter -electron interactions were neglected. It is natural to suppose, that in the presence of interactions the Hall conductivity is still given by the same expression, in which the non -interacting Green function is substituted by the complete two -point Green function including the interaction contributions. We prove this conjecture within the framework of the 2 + 1 D tight -binding model of rather general type using the ordinary perturbation theory.
INTRODUCTION
Since the discovery of the Quantum Hall Effect (QHE), there were many attempts to understand the quantization of Hall conductivity σ H . The appearance of the universal integer values of the Hall plateaus prompts that σ H has the topological meaning, i.e. it is related to a certain topological invariant, which is robust to the smooth modification of the system. Indeed, the seminal paper [1] shows that σ H may be expressed through the integral of Berry curvature over the occupied electronic states. This is the so -called TKNN (Thouless, Kohmoto, Nightingale, den Nijs) invariant [2, 3, 4, 5] . The corresponding expression is the topological invariant, i.e. it is not changed when the system is modified smoothly. However, it has been obtained for the constant magnetic fields only. Later it has been shown that in the absence of the inter -electron interactions the TKNN invariant for the intrinsic QHE (existing without external magnetic field) may be expressed through the momentum space Green's function [6, 7] (see also Chapter 21.2.1 in [8] ). Recently these two results have been extended to the case of magnetic field varying as a function of coordinates. The corresponding expression for σ H is the topological invariant in phase space expressed through the Wigner transformation of the two point Green function [9] . The mentioned representations of σ H through the topological invariants were derived for the non-interacting systems. It is widely believed, that in the presence of interactions the intrinsic anomalous quantum Hall effect (AQHE) conductivity is given by the expression of [6, 7] , in which the non -interacting two -point Green function has been substituted by the two point Green function with the interaction corrections. In the 2 + 1 D QED this has been proved in [10, 11] . The corresponding property is now referred to as the non -renormalization of the parity anomaly in 2 + 1 D Quantum Electrodynamics by the high orders of perturbation theory. In the recent paper [12] we investigated the influence of interactions on the anomalous quantum Hall (AQHE) conductivity in the tight -binding models of the 2 + 1 D topological insulator and the 3 + 1D Weyl semimetal. the influence of interactions on the Hall conductivity in external magnetic field has been discussed widely in the past (see, for example [13, 14, 15, 16] and references therein), however, this consideration has been limited by the case of the constant magnetic field. In the present work, we investigate the influence of Coulomb interactions on the quantum Hall effect in the presence of the non-uniform magnetic field. We will prove to all orders of perturbation theory, that the corresponding Hall conductivity is given by the topological invariant (in phase space) of [9] , in which the two -point (Wigner transformed) Green function is substituted by the complete one with the interactions taken into account.
On the technical side we consider the tight -binding models with the Coulomb interactions between the electrons. We will use Wigner -Weyl formalism [17, 18, 19, 20] adapted in [21, 22, 23, 24, 25] to the lattice models of solid state physics combined with the ordinary perturbation theory.
HALL CURRENT IN VARYING MAGNETIC FIELD AND VARYING ELECTRIC POTENTIAL
Let us discuss first the system with the interactions neglected. For definiteness let us start from the Euclidean action of the 2 + 1D tight-binding model of electrons under the action of varying magnetic field and varying electric potential, whose three -potential is A µ
where
And we denote the parallel transporters along the lattice vector e i by e iAx−e i ,x = e 
is the star (Moyal) product, where the derivatives with the left arrow act only on the functions standing to the left from the star while the derivatives with the right arrow act only to the functions standing right to the star, while for the model with the action of Eq. (1)
. For the lattice model of a general type Q is a certain function specific for the given system. For our purposes it may be almost arbitrary. Wigner transformation of the Green function G(p 1 , p 2 ) is defined as
where integral is over momentum space M. The star product is associative: (f * g) * h = f * (g * h), which allows us to write such products without brackets. The electric current density (in the absence of electric field) is given by
For the convenience, we introduce the average total current
, in which T is temperature, while S is the area of the sample. In the following for simplicity we refer to I k as to the total current. Under the periodic boundary conditions I k can be expressed as follows [9] :
Here it is used that for any periodic functions in phase space f and g, dxdpf (x, p) * g(x, p) = dxdpf (x, p)g(x, p). Let us consider the small modification of vector potential due to the extra (external) electric filed: A µ → A µ + δA µ . δA µ corresponds to this extra small constant external electric field. We consider the variation of electric current δI k with respect to the variation δA, and obtain
Contrary to Eq.(3), the Eq.(4) does not contain the star * , because the introduction of electric field breaks the periodical boundary conditions. Using the expansion in powers of δA we obtain
In the leading (zeroth) order
In the next (the first) order G
(1)
Solution of this equation gives
and the last line of the above equation may be transformed into (G
W )δF µν . Therefore, we find the variation of current δI k , up to the order of δA as follows
Here we assume that the electric field strength δF lm is constant. The last expression allows to obtain the following representation for the average Hall conductivity (Electric field is directed along the y axis): σ xy = N 2π , where N is the topological invariant in phase space, which is the generalization of the classical TKNN invariant [1] . Unlike the latter it is applicable to the non -homogeneous systems
This expression gives the average Hall conductivity in the presence of the non -homogeneous magnetic field and non -homogeneous electric potential, but with the interactions neglected. It is natural to suppose also, that Eq. (9) remains valid in the presence of the inter -electron interactions. Namely, one may suppose, that in the presence of interaction one simply has to substitute to Eq. (9) the complete two -point Green function with the contribution of interactions included. In the next sections we will prove this conjecture using the ordinary perturbation theory.
2 + 1 D TIGHT -BINDING MODEL IN THE PRESENCE OF COULOMB INTERACTIONS. SETUP OF THE GEDANKENEXPERIMENT.
Below we consider the 2 + 1 D tight-binding model with Coulomb interactions. In order to apply the periodical boundary condition, we place our system into the surface of a large torus, or, equivalently, onto the cylinder closed through the spacial infinity. The coordinate system is attached to the surface of the cylinder: the x-direction is along its axis, and the y-direction is the circle with y ∈ (−L, L]. It is assumed that L is much larger than any other physical parameter of the dimension of length existing in the given system. Therefore, we deal with the given system in a vicinity of any point as if the surface of the cylinder is flat. We imagine that the cylinder is divided into the two parts: (I) in the region y ∈ [0, L] the effective fine structure constant α is nonzero, i.e. there are the Coulomb interactions between the electrons; (II) in the region y ∈ (−L, 0), the effective fine structure constant α ′ differs from that of the region (I). We will consider the limiting case α ′ → 0, when there are no Coulomb interactions between the electrons. We will consider the Hall current in this system in the presence of the non-uniform magnetic field, which is orthogonal to the surface of the cylinder. We will assume that the magnetic field varies around a constant value. In addition, it is supposed, that the profile of magnetic field in the piece (II) repeats its profile in the piece (I). We may also assume the presence of varying electric potential. Then the same refers to the profile of electric potential.
Vector potential A µ is divided into the two contributions: 
with the same function D x,x ′ as above and with
V is the Coulomb potential V (x) = 1/|x| = 1/ x 2 1 + x 2 2 , for x = 0. Deep within the region (I) it might be more convenient to consider the action in momentum space, i.e. S = dpψ pQ (p, i∂ p )ψ p + α dpdqdkψ p+q ψ pṼ (q)ψ k ψ q+k ,where
. The Coulomb interaction contributes to the self-energy of the fermions, and the leading order contribution is proportional to α. The Green function can be calculated through the Feynman diagrams as follows
with
, with z i = (z i , τ i ), and z i = (x i , y i ). After Wigner transformation, one finds that
where Let us use the above developed technique for the calculation of the total electric current in the Gedankenexperiment under consideration. It is convenient to expand G α,W (R, p) in powers of the coupling constant α as G α,W = G 0 + αG 1 + α 2 G 2 + ... Similarly, for each
k . The total electric current may also be expanded in powers of α in both regions I and II and is given by
We represent Σ W = αΣ 1,W + α 2 Σ 2,W + ..., and the current is given by I µ = I µ 0 + αI
Q 0,W , and
with r ≥ 1. Let us compare the obtained expression for the total electric current with the following expression written through the interacting Green functioñ
For this purpose we calculate ∆I
The Feynmann diagrams corresponding to ∆I k are represented in Fig. 1 b) . Let us consider the diagram with n self energies Σ W :
We come to the following relation
which gives ∆I (n)k = I (n+1)k , where I (n+1) is the contribution to electric current with n + 1 insertions of Σ W represented schematically in Fig. 1 a) (the n + 2 -th term in the sum). Overall, we obtain:
We find that the total current is given by an integral of Eq. (15) as long as the value of the total current remains equal to its value without interactions. In the next section we will prove that indeed I(α) = I(0) in the region of analyticity in α, i.e. as long as the perturbation theory in α may be used.
NON -RENORMALIZATION OF HALL CONDUCTANCE BY INTERACTIONS
In the Gedankenexperiment under consideration the electric current in the absence of interactions is given by
. Below we will prove that this expression does not receive corrections from interactions, i.e. for j ≥ 1, I k j = 0. First, let us consider I k 1 , which can be expressed explicitly as
(a) (b) Figure 2 . a) The progenitor diagram for the two -loop rainbow contribution to electric current. b) The progenitor diagram for the two -loop contribution to electric current (which is beyond the rainbow approximation).
Here D W is the Wigner transformation of function
We found that for each value of R the above expression is proportional to
is an even function of q while F R (q) = G 0,W (R, q), and F ′ is the first derivative of F . This representation allows us to prove that I 
Taking Σ 2 in rainbow approximation we get (see Fig.  3 )
In the first term the star before ∂ p k may be eliminated. It may then be inserted before the last D W thus giving
Notice, that the last expression without derivative with respect to p k corresponds to the diagram similar somehow to the one called in [10] "progenitor". We present the form of the corresponding Feynmann diagram in Fig. 2 a) and call it the progenitor for the diagrams presented in Fig. 3 . In essence, our present proof is an extension of the one given in [10] . The remaining two loop diagrams (see Fig. 4) give the contribution that may be written as follows
Here the star * = e
acts only on G and does not act on D.
We denote by The obtained results mean the following: (1) The interaction corrections to the total electric current vanish in the system that contains the two pieces (with and without Coulomb interactions) in the presence of the electric field that is constant but has opposite directions in the two pieces of the material. We may think also, that in the first piece of the material the effective fine structure constant is nonzero while in the second piece it vanishes. (2) There is the following representation for the total electric current in the considered system:
The star is omitted in the last expression because the total system (containing the two pieces) is defined with the periodical boundary conditions. Now let us recall that in the piece of material without interactions the total electric current is proportional to electric field with the coefficient of proportionality (the conductivity) given by Eq. (9) divided by 2π. As a result in the piece of the material with the interactions the total electric current is given by Eq. (23) , in which the integral over R is extended to the surface of the given piece only. The resulting expression leads to the Hall conductivity in this region: σ xy = N 2π , where N is the topological invariant in phase space given by Eq. (9) with the complete Green function inserted instead of the noninteracting one. In turn, this expression for the conductivity appears to be equal to its value at α = 0.
